Abstract. In the present paper, the concept of nonlinear 
INTRODUCTION AND PRELIMINARIES
Let (X, d) be a metric space. P (X) denotes the family of all nonempty subsets of X, C(X) denotes the family of all nonempty, closed subsets of X, CB(X) denotes the family of all nonempty, closed and bounded subsets of X and K(X) denotes the family of all nonempty compact subsets of X. Then H is called generalized PompeiuHausdorff distance on C(X). It is well known that H is a metric on CB(X), which is called Pompeiu-Hausdorff metric induced by d. We can find detailed information about the Pompeiu-Hausdorff metric in [1, 5, 8 ]. An element x ∈ X is said to be fixed point of a multivalued mapping T :
It is clear that K(X) ⊆ CB(X) ⊆ C(X) ⊆ P (X). For A, B ∈ C(X), let

H(A,
Following the Banach contraction principle, Nadler [11] first initiated the study of fixed point theorems for multivalued linear contraction mappings. Theorem 1. (Nadler [11] ). Let (X, d) be a complete metric space and T : X → CB(X). Assume that there there exists L ∈ [0, 1) such that
H(T x, T y) ≤ Ld(x, y)
for all x, y ∈ X. Then T has a fixed point.
Then many fixed point theorists studied on fixed points of multivalued contractive maps as follows: 
H(T x, T y) ≤ ϕ(d(x, y))d(x, y).
for all x, y ∈ X with x = y. Then T has a fixed point.
In [14, 15] , Reich asked the question as if the above theorem is also true for the map T : X → CB(X). The partial affirmative answer was given by Mizoguchi and Takahashi [10] . They proved the following theorem. 
In [16] Suzuki gave a simple proof of Mizoguchi Takahashi fixed point theorem and also an example to show that it is a real generalization of Nadler's. On the other hand, Feng and Liu [7] obtained some interesting fixed point results for multivalued mappings without using the Pompeiu-Hausdorff metric. They proved the following theorem. [7] ). Let (X, d) be a complete metric space and T : X → C(X). Assume that the following conditions hold:
Theorem 4. (Feng-Liu
(ii) there exist b, c ∈ (0, 1) with c < b such that for any x ∈ X there is y ∈ T x satisfying
Then T has a fixed point.
Then Klim and Wardowski [9] generalized Theorem 4 as follows:
Theorem 5. (Klim-Wardowski [9] ). Let (X, d) be a complete metric space and T : X → C(X). Assume that the following conditions hold:
Considering the same direction, in 2009,Ćirić [6] introduced new multivalued nonlinear contractions and established a few nice fixed point theorems for such mappings, one of them is as follows: Theorem 6. Let (X, d) be a complete metric space and T : X → C(X). Assume that the following conditions hold:
On the other hand, Berinde and Berinde [4] introduced a general class of multivalued contractions and proved the following fixed point theorems:
Theorem 7. (Berinde-Berinde [4] , Theorem 3). Let (X, d) be a complete metric space and T : X → CB(X) be a multivalued almost contraction, that is, there exist two constants δ ∈ (0, 1) and L ≥ 0 such that
for all x, y ∈ X. Then T has a fixed point. 
Analyzing the proofs of above all theorems, we can observe that the mentioned maps on complete metric spaces are weakly Picard operators. We know that, a multivalued map T on a metric space is weakly Picard operator if there exists a sequence {x n } in X such that x n+1 ∈ T x n for any initial point x 0 , converges to a fixed point of T .
In the present paper, by introducing a new and different class of multivalued mappings in metric spaces, we give some multivalued weakly Picard operators in complete metric spaces. Our results are extend and generalize many fixed point theorems including Theorem 6 and they are based on a new approach of contraction mapping, which is called F -contraction. The concept of F -contraction for single valued mappings on complete metric space was introduced by Wardowski [17] . Now, we recall this new concept and some related results.
Let F : (0, ∞) → R be a function. For the sake of completeness, we will consider the following conditions: 
We denote by F and F * be the set of all functions F satisfying (F1)-(F3) and (F1)-(F4), respectively. It is clear that F * ⊂ F and some examples of the functions belonging
, then it satisfies (F4) if and only if it is right continuous.
Let (X, d) be a metric space and T : X → X be a mapping. Then, Wardowski [17] say that T is an F -contraction if F ∈ F and there exists τ > 0 such that
for all x, y ∈ X with d(T x, T y) > 0. Also, Wardowski [17] proved that every Fcontractions on complete metric spaces has a unique fixed point. We can find some detailed information for F -contractions in [17] . By combining the ideas of Wardowski's and Nadler's, Altun et al [2] introduced the concept of multivalued F -contractions and obtained some fixed point results for mappings of this type on complete metric space.
Definition 1. ([2]). Let (X, d) be a metric space and T : X → CB(X) be a mapping. Then we say that T is a multivalued F -contraction if F ∈ F and there exists
for all x, y ∈ X with H(T x, T y) > 0.
By the considering F (α) = ln α, then every multivalued contraction in the sense of Nadler is also multivalued F -contraction.
Theorem 9. ([2]). Let (X, d) be a complete metric space and T : X → K(X) be a multivalued F -contraction, then T has a fixed point in X.
Here, the following question may come to mind: Can we take CB(X) instead of K(X) in Theorem 9? The answer is negative as shown in Example 1 in [3] . Nevertheless, by adding the condition (F4) on F , we can we take CB(X) instead of K(X).
Theorem 10. ([2]). Let (X, d) be a complete metric space and T : X → CB(X) be a multivalued F -contraction with F ∈ F * , then T has a fixed point in X.
On the other hand Olgun et al [12] proved the following theorems, one of them is a generalization of famous Mizoguchi-Takahashi fixed point theorem for multivalued contractive mappings. These results are also nonlinear case of Theorem 9 and Theorem 10, respectively. 
for all x, y ∈ X with H(T x, T y) > 0. Then T has a fixed point in X.
Theorem 12. ([12]). Let (X, d) be a complete metric space and T : X → CB(X).
If we examine the proofs of Theorem 9, 10, 11 and 12, we can see that the mentioned maps on complete metric spaces are weakly Picard operators.
MAIN RESULTS
Now, we shall prove a theorem which extends and generalizes Theorem 6. 
Then T is a weakly Picard operator.
Proof. First, we show that T has fixed point in X. Assume the contrary, then d(x, T x) > 0 for all x ∈ X. Therefore, since τ (t) > 0 for all t > 0 and F ∈ F * , then for any x ∈ X there exists y ∈ T x such that (2.2) holds. Let x 0 ∈ X be an initial point. Then by assumptions (2.2) and (2.3) we can choose x 1 ∈ T x 0 such that
From (2.4) and (2.5), we get
Now we choose x 2 ∈ T x 1 such that
Hence we get
Continuing this process we can choose a sequence {x n } such that x n+1 ∈ T x n satisfying
for all n ≥ 0. Now, we shall show that d(x n , T x n ) → 0 as n → ∞. From (2.8), we conclude that {d(x n , T x n )} is a strictly decreasing sequence of positive real numbers. Therefore, there exists δ ≥ 0 such that
Suppose δ > 0. Then, since F is right continuous, taking the limit infimum on both sides of (2.8) and having in mind the assumption (2.1), we have lim inf
which is a contradiction. Thus δ = 0, that is,
Now we shall show that {x n } is a Cauchy sequence in X. Let
and 0 < q < α. Then there exists n 0 ∈ N such that
for each n ≥ n 0 . Hence, by induction, for all n ≥ n 0
Thus, by (2.10), for all n ≥ n 0
Letting n → ∞ in (2.12), we obtain that
From (2.13), there exits
n ≥ n 1 . We can take n 1 > n 0 . So, we have, for all n ≥ n 1 (2.14)
In order to show that {x n } is a Cauchy sequence consider m, n ∈ N such that m > n ≥ n 1 . Using the triangular inequality for the metric and from (2.14), we have
By the convergence of the series
) is a complete metric space, the sequence {x n } converges to some point z ∈ X, that is,
Hence d(z, T z) = 0, which is a contradiction. Therefore, T has a fixed point in X. It can be seen that, we can construct a sequence {x n } in X such that x n+1 ∈ T x n for any initial point x 0 , converges to a fixed point of T . That is, T is a weakly Picard operator.
Remark 1.
Let A be a compact subset of a metric space (X, d) and x ∈ X, then there exists a ∈ A such that d (x, a) = d(x, A) .
Remark 2.
If we take K(X) instead of CB(X) in Theorem 13, we can remove the condition (F4) on F . Therefore, by taking into account Remark 1 the proof of the following theorem is obvious.
Theorem 14. Let (X, d) be a complete metric space, T : X → K(X) and F ∈ F.
Assume that the following conditions hold: , y) ).
Then T is a weakly Picard operator.
Taking into account our results, T is a weakly Picard operator in the following nontrivial example. We also show that Theorems 1, 3, 4, 5, 6, 8, 10, 12 can not be applied to this example.
It is easy to see that
and it is lower semi-continuous. Let τ (t) = ln 2 and σ = 4, then the condition (ii) of Theorem 13 is satisfied. Now we show that the condition (iii) of Theorem 13 is satisfied with
We can see that
2) is clearly satisfied. To see (2. 3), we must show that
or equivalently (2.15) |y − T y|
Now, for x = 1 n 2 and y = 1 (n+1) 2 , we obtain
.
On the other hand, for all n ≥ 2, since
Therefore (2.15) is satisfied. Thus all conditions of Theorem 13 are satisfied and so T has a fixed point in X. Now we show that mentioned fixed point theorems can not be applied to this example. 
Thus
H(T x, T y)
Taking limit supremum as n → ∞, we have
which is a contradiction. Therefore Theorem 8 can not be applied to this example. Also, T is not multivalued almost contraction. Since Theorem 8 is a generalized version of Mizoguchi-Takahashi and Nadler fixed point theorems, these theorems can not be also applied to this example. 
Taking limit n → ∞, we have b = 0, which is a contradiction. If y = Therefore Theorem 12 can not be applied to this example. Also, T is not multivalued F -contraction.
